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Introduction
Throughout this paper, N will be an o-minimal structure and definable means N -definable (possibly with parameters). By definition, an o-minimal structure is a structure N = (N, <, (c) c∈C , (f ) f ∈F , (R) R∈R ) over a dense totally ordered set (N, <) with no end points, where C is a collection of constants, F is a collection of functions from the cartesian products of N into N and R is a collection relations in the cartesian products of N , such that every definable subset of N is a finite union of points and intervals with end points in N ∪ {−∞, +∞}. The definable sets of N are the subsets of the cartesian products of N whose elements satisfy a first-order logic formula in the language {=, <, (c) c∈C , (f ) f ∈F , (R) R∈R }. The first-order formulas in this language are, roughly, the formulas that one can write down using these symbols, using symbols for variables, parameters from N , the logic connectives ∧ (and), ∨ (or) and ¬ (not) and the quantifiers ∀ (for all) and ∃ (there exists). For example, a real closed field (N, <, 0, 1, +, ·) is an o-minimal structure and definable sets in this real closed field are, by the Tarski-Seidenberg theorem, the semi-algebraic sets i.e., sets of the form {x ∈ N k : f 1 (x) = · · · = f l (x) = 0, g 1 (x) > 0, . . . , g m (x) > 0} where f 1 , . . . , f l , g 1 , . . . , g m ∈ N [X 1 , . . . , X k ]. O-minimal structures have turned out to be a wide ranging model theoretic generalization of semi-algebraic and sub-analytic geometry. For the basic theory of o-minimal structures we refer the reader to [vdd] , and for basic semi-algebraic geometry we refer to [BCR] .
Given a real closed field (N, <, 0, 1, +, ·) one often studies real algebraic groups in N and algebraic groups in the algebraic closure N [ √ −1] of N . After identifying N [ √ −1] with N 2 one can also study these groups in the category of semi-algebraic groups with semi-algebraic homomorphisms i.e., in the category whose objects are groups with underlying set a semi-algebraic set and group operations and group homomorphisms semi-algebraic maps. A semi-algebraic map is a map between semi-algebraic sets whose graph is a semi-algebraic set. More generally, given an arbitrary o-minimal structure N , one can study the category of definable groups with definable homomorphisms. This is the category whose objects are groups with underlying set a definable set and group operations and group homomorphisms definable maps. A definable map is a map between definable sets whose graph is a definable set. The study of definable groups began with [p1] and has since then grown into a well developed branch of mathematics (see the references).
When studying definable groups one often makes use of certain groups which are not definable and are called in the literature -definable groups (see [pst2] ). Roughly, these are groups whose underlying sets are unions of definable sets and the graphs of the group operations are unions of definable sets. In a real closed field these sets, when equipped with a natural topology, are called in [dk] locally semi-algebraic spaces. For this reason, we prefer to call -definable groups locally definable groups since the groups that we will study here will be equipped with a topology such that in the semi-algebraic case they are locally semi-algebraic spaces. Furthermore, as we shall see in Section 2 when we introduce the exact definitions, what we call here a locally definable group is a small modification of what is called in [pst2] a -definable group. In [pst2] -definable groups are defined with a restriction on the size of the parameter set and with no restriction on the size of the cover by definable subsets. Here we require that locally definable groups have a countable subcover by definable subsets. This is not a big restriction since all the important examples are of this form and this constraint allows us to prove many results which otherwise would be impossible to verify.
Let us mention a few examples where locally definable groups have occurred in connection with the theory of definable groups. In [e] , we prove the Lie-Kolchin-Mal'cev theorem for solvable definable groups. This theorem says that given a solvable definable group G, the commutator subgroup G
(1) of G and the smallest definable subgroup d(G (1) ) of G containing G
are nilpotent. The commutator subgroup G (1) is a locally definable subgroup of G. In [pst2] , Peterzil and Starchenko show that if G is a solvable definable group which is definably compact (the o-minimal analogue of semialgebraically complete), then G is abelian by finite. The proof of this result given in [pst2] uses the groups of definable homomorphisms between definable abelian groups. The group of definable homomorphisms between two definable abelian groups is a locally definable group. In [ps] (see also [s] ), Peterzil and Steinhorn construct certain definably compact, abelian definable groups which are not the direct product of one-dimensional definably compact, abelian definable groups. In a sense, these definable groups are constructed by first giving their o-minimal universal covers and their o-minimal fundamental groups. These o-minimal universal covers and these o-minimal fundamental groups are locally definable groups. In [pps2] , Peterzil, Pillay and Starchenko use locally definable groups to show that if a definable group is not nilpotent by finite, then the group structure interprets a field.
Since definable groups (e.g., semi-algebraic, real algebraic and algebraic groups in arbitrary real closed fields) are locally definable groups and as we saw above locally definable groups appear quite often attached to definable groups it is natural to ask for a complete development of the theory of locally definable groups. In this paper we develop such theory in a more systematic way continuing what was started in [pst2] . More precisely, we generalise to locally definable groups all the basic theory of definable groups from [p1] , [e] and [pps1] . The proof techniques are the same but locally definable groups are more complicated. Hence, we include proofs as complete as possible in order to clarify some details which are not immediately obvious.
We now describe the structure and the main results of the paper. In Section 2, the definition of locally definable groups is introduced, examples are presented, and we prove a basic result for locally definable groups: the existence of a locally definable topological structure making the group operations and locally definable homomorphisms between such locally definable groups continuous. This result is known as property (TOP) and is proved exactly as in [pst2] . In a real closed field, a locally definable group equipped with this locally definable topology is a locally semi-algebraic space.
In Section 3, we define the notion of connectedness for locally definable groups following [pst2] . Inspired by the theory of locally semi-algebraic spaces from [dk] we introduce the notion of compatible locally definable subgroups and, we show that any locally definable group has a unique connected, compatible, locally definable subgroup of maximal dimension. We end Section 3 with the proof of the descending chain condition (DCC) for compatible locally definable subgroups.
Note that the notion of compatible locally definable subgroups is the main novelty of the paper and the crucial notion of the whole theory: there is no uniqueness of connected locally definable subgroups of a locally definable group; there is no DCC for arbitrary locally definable subgroups of a locally definable group; in general the quotient of a locally definable group by a normal locally definable subgroup is not a locally definable group and so on.
In Section 4, we prove that the quotient of a locally definable group by a compatible locally definable normal subgroup is a locally definable group such that there is a locally definable section to the locally definable quotient. This result is used to develop group extension theory and group cohomology theory in the category of locally definable groups with locally definable homomorphisms. In Section 5, we use the theory of Section 4 to describe solvable locally definable groups. More precisely, we show that any such group has a maximal, normal, definably connected definable subgroup with no definably compact parts (see [e] ) whose quotient is a definably compact, locally definable solvable group. Unlike in the definable case, the definably compact, locally definable solvable groups are not necessarily abelian (see Example 5.4).
Section 6 contains some basic results about locally definable transitive actions of locally definable groups on locally definable sets. These facts will be used in Section 7 where centerless locally definable groups with no compatible locally definable normal abelian subgroups of positive dimension (i.e., centerless locally definably semi-simple locally definable groups) are shown to be locally definable open and closed subgroups of definably semisimple definable groups. We also show that centerless, connected locally definable solvable groups are locally definable open and closed subgroups of definably connected definable solvable groups.
We end the paper with Section 8 where we include some applications of our previous results: the existence of strong definable choice for locally definable groups and the existence of compatible locally definable abelian subgroups of positive dimension of locally definable groups of positive dimension (this is known as property (AB)). Furthermore, we also prove that if there is a connected locally definable group which is not nilpotent, then a real closed field in definable in N .
Some other results on definable groups that could be proved also for locally definable groups, such as the Lie-Kolchin-Mal'cev theorem, were omitted to avoid making the paper too long. Similarly, we do not treat here the theory of locally definable rings.
In this paper we will see two main examples of locally definable groups: (i) the locally definable groups of dimension zero and (ii) the locally definable groups which are the subgroups of (type) definable groups. For details see Example 2.2 below. It is an open question if these are the only building blocks of locally definable groups. Our work here reduces this question to the case of connected, definably compact, locally definable abelian groups.
Finally we point out that there are two properties of definable abelian groups, property (TOR) and (DIV), whose analogue for locally definable abelian groups we were unable to prove or disprove here. Namely, we do not know if for every connected locally definable abelian group over A, the torsion points are defined over A and, if every connected locally definable abelian group is divisible.
Locally definable groups
Here the definition of locally definable groups is introduced and examples are presented. The main result is property (TOP) for locally definable groups and the property of large locally definable subsets of locally definable groups.
Recall that, by [pst2] , if N is ℵ 1 -saturated, then a group Z = (Z, ·) is a -definable group over A ⊆ N where |A| < ℵ 1 , if there is a collection {Z i : i ∈ I} of definable subsets of N n , all definable over A such that: (i) Z = ∪{Z i : i ∈ I}; (ii) for every i, j ∈ I there is k ∈ I such that Z i ∪ Z j ⊆ Z k and (iii) the restriction of the group multiplication to Z i × Z j is a definable map into N n . We modify this definition slightly in the following way.
Definition 2.1 Assume that N is ℵ 1 -saturated. A group (Z, ·) is a locally definable group over A with A ⊆ N and |A| < ℵ 1 if there is a collection {Z i : i ∈ I} of definable subsets of N n , all definable over A such that: (i) Z = ∪{Z i : i ∈ I}; (ii) there is I 0 ⊆ I with |I 0 | < ℵ 1 and Z = ∪{Z i : i ∈ I 0 }; (iii) for every i, j ∈ I there is k ∈ I such that Z i ∪ Z j ⊆ Z k and (iv) the restriction of the group multiplication to Z i × Z j is a definable map into N n .
As in the -definable case, if Z is a locally definable group over A as above and Z = ∪{Y j : j ∈ J} with each Y j definable over B, |B| < ℵ 1 , then by saturation the following hold: (i) every Y j is contained in some Z i and (ii) there is J 0 ⊆ J with |J 0 | < ℵ 1 and Z = ∪{Y j : j ∈ J 0 }. For this reason we will always assume from now on that |I| < ℵ 1 . Note however that this assumption will not be necessary until Section 4.
Given M an ℵ 1 -saturated elementary extension of N , then Z(M ) = ∪{Z i (M ) : i ∈ I} is also a locally definable group over A. Moreover, if Z is a definable set, then (Z, ·) is a definable group.
We will assume from now on that N is an ℵ 1 -saturated o-minimal structure.
If Z = ∪{Z i : i ∈ I} is a locally definable group over A, we define the dimension of Z by dim Z = max{dim Z i : i ∈ I} and we say that z ∈ Z is generic (over A) if dim(z/A) = dim Z. For the notion of dimension of a definable set see [vdd] or [p1] ; for the notion of dimension of an element over a set of parameters see [p1] or [pst2] .
Example 2.2 The following are the two main examples of locally definable groups over A, with A ⊆ N and |A| < ℵ 1 .
(1) The locally definable groups over A of dimension zero: Let {Z i : i ∈ I} be a collection of finite subsets of N k all of which are defined over A such that for all i, j ∈ I there is k ∈ I with Z i ∪ Z j ⊆ Z k and (Z, ·) is an abstract group, where Z = ∪{Z i : i ∈ I}, and there is I 0 ⊆ I with |I 0 | < ℵ 1 and Z = ∪{Z i : i ∈ I 0 }. Then (Z, ·) is a locally definable group over A of dimension zero.
(2) The locally definable groups over A which are the subgroups of (type) definable groups: Let (G, ·) be a (type) definable group over B ⊆ A; let {Z i : i ∈ I} be a collection of definable subsets of G all of which are defined over A such that for all i, j ∈ I there is k ∈ I with Z i ∪ Z j ⊆ Z k , (Z, ·) is a subgroup of (G, ·), where Z = ∪{Z i : i ∈ I}, and there is I 0 ⊆ I with |I 0 | < ℵ 1 and Z = ∪{Z i : i ∈ I 0 }. Then (Z, ·) is a locally definable group over A.
The proof of [pst2] Proposition 2.2 also shows the following theorem.
Theorem 2.3 Let Z ⊆ N k be a locally definable group over A. Then there is a uniformly definable family {V s : s ∈ S} of definable subsets of Z defined over A and containing the identity element of Z and there is a unique topology τ on Z such that: (i) {V s : s ∈ S} is a basis for the τ -open neighbourhoods of the identity element of Z; (ii) (Z, τ ) is a topological group and (iii) every generic element of Z has an open definable neighbourhood U ⊆ N k such that U ∩ Z is τ -open and the topology which U ∩ Z inherits from τ agrees with the topology it inherits from N k .
In Theorem 2.3, by a uniformly definable family {V s : s ∈ S} of definable subsets of Z defined over A we mean that S is definable over A and there is a definable subset of N k × S over A such that the fiber over s is V s for each s ∈ S.
As in [pst2] Lemma 2.6 we see that the following result holds. k with k such that Z ⊆ N k . Moreover, the τ -topology is independent of the choice of g and Z i such that g ∈ Z i . Thus we may replace Z i by a cell of dimension m of a cell decomposition of Z i and so, by [vdd] Chapter III (2.7), there is a definable homeomorphism φ i : Z i −→ U i over A where U i is an open definable subset of N m . To finish define φ s by φ s (v) = φ i|Ws∩Z i (gv) and use Theorem 2.3 to conclude that φ s is a definable homeomorphism. P A homomorphism α : Z −→ X between locally definable groups over A is called a locally definable homomorphism over A if for every definable subset Z ⊆ Z defined over A, the restriction α |Z is a definable map over A. The following remark is easy to show. Remark 2.6 Let α : Z −→ X be a locally definable homomorphism over A between locally definable groups over A and let Y be a locally definable subgroup of X over A. Then α(Z) is a locally definable group over A and α −1 (Y) is a locally definable subgroup of Z over A.
The proof of [pst2] Lemma 2.8 gives the following theorem.
Theorem 2.7 Any locally definable homomorphism between locally definable groups is a continuous locally definable homomorphism with respect to the τ -topology.
Theorems 2.3, 2.4 and 2.7 will be called property (TOP) for locally definable groups since they generalise the corresponding property for definable groups.
From now on, whenever we use topological notions on a locally definable group, we are referring to the τ -topology.
Large locally definable subsets
Definition 2.8 A set Z is a locally definable set over A where A ⊆ N and
A map α : Z −→ X between locally definable sets over A is called a locally definable map over A if for every definable subset Z ⊆ Z defined over A, the restriction α |Z is a definable map over A.
By saturation, if Z is a locally definable set over A as above and Z = ∪{Y j : j ∈ J} with each Y j definable over B, |B| < ℵ 1 , then the following hold: (i) every Y j is contained in some Z i and (ii) there is J 0 ⊆ J with |J 0 | < ℵ 1 and Z = ∪{Y j : j ∈ J 0 }. For this reason we will always assume from now on that |I| < ℵ 1 . Note that as in the case of locally definable groups, this assumption will not be necessary until Section 4. Also, if M is an ℵ 1 -saturated elementary extension of N , then Z(M ) = ∪{Z i (M ) : i ∈ I} is also a locally definable set over A.
Remark 2.9 Let α : Z −→ X be a locally definable map over A between locally definable sets over A and let Y be a locally definable subset of X over A. Then α(Z) is a locally definable set over A and α −1 (Y) is a locally definable subset of Z over A.
If Z = ∪{Z i : i ∈ I} is a locally definable set over A, we define the dimension of Z by dim Z = max{dim Z i : i ∈ I} and we say that z ∈ Z is generic (over A) if dim(z/A) = dim Z.
Definition 2.10 We say that a locally definable set V over A is a large locally definable subset over A of a locally definable set X over A if every generic point of X over A belongs to V.
The next result is proved in the same way as its definable analogue in [p1] Lemma 2.4. Proposition 2.11 Let X be a locally definable group over A. If V is a large locally definable subset of X over A, then there is a locally definable subset
Proof. Let K be the prime model of Th A (N ) and suppose that X = ∪{X i : i ∈ I} and V = ∪{V j : j ∈ J}. Let i ∈ I, a ∈ X i and let c ∈ X i be a generic point of X over K such that tp(c/Ka) is finitely satisfiable in K. Then c is a generic point of X over Ka (see the proof of [p1] Lemma 2.4). Note that, since {X i :∈ I} is a directed system, for every a ∈ X , there is i ∈ I such that a ∈ X i and there is c ∈ X i generic of X over K with tp(c/Ka) is finitely satisfiable in K.
Since V is a large locally definable subset of X over A, the set Va −1 is a large locally definable subset of X over A ∪ {a}. Therefore, by definition, c ∈ V j a −1 and a ∈ c −1 V j for some j ∈ J. Since tp(c/Ka) is finitely satisfiable over K, there is b ∈ X i (K) such that a ∈ b −1 V j for some j ∈ J. Therefore, by the compactness theorem, for each i ∈ I, there are b 1 , . . . , b r i ∈ X i (K) and
s ∈ S} is a locally definable subset of X over A since each x s is defined over A and {x s : s ∈ S} is the union of the collection of all finite subsets of {x s : s ∈ S}. P Corollary 2.12 Let X be a locally definable group over A. If {V j : j ∈ J} is the collection of all open definable subsets of X over A, then X = ∪{V j : j ∈ J}.
Proof. Suppose that X = ∪{X i : i ∈ I} and, by Theorem 2.3, let {V s : s ∈ S} be the uniformly definable basis for the τ -open neighbourhoods of the identity element of X . For each i ∈ I, the set Y i of all x ∈ X i such that there is s ∈ S with xV s ⊆ X i is a definable open subset of X i over A. Furthermore, by Theorem 2.3, every generic point of X over A belongs to some Y i . Thus Y = ∪{Y i : i ∈ I} is a large locally definable subset of X over A. By Proposition 2.11, there is a locally definable subset {x s :
P Corollary 2.12 implies that in the semi-algebraic case every locally definable group is a locally semi-algebraic space.
The descending chain condition
Here we introduce the notion of compatible locally definable subgroups of locally definable groups. The main results are the existence and uniqueness of the compatible connected component of a locally definable group and the descending chain condition for compatible locally definable subgroups.
Connectedness
Definition 3.1 Let X be a locally definable group over A and let Z be a locally definable subgroup (resp., subset) of X over A. We say that Z is a compatible locally definable subgroup (resp., subset) if for every open definable subset X of X over A, the set Z ∩ X is a definable subset of X over A.
For example, if Z is a definable subgroup (resp., subset) of X over A, then Z is a compatible locally definable subgroup (resp., subset) of X . Lemma 3.2 Let X , Y and Z be locally definable groups over A. The following hold:
(i) X is a compatible locally definable subgroup of X over A;
(ii) if Z is a compatible locally definable subgroup of X over A and Y is a locally definable subgroup of X over A containing Z, then Z is a compatible locally definable subgroup of Y over A; (iii) if Z is a compatible locally definable subgroup of Y over A and Y is a compatible locally definable subgroup of X over A, then Z is a compatible locally definable subgroup of X over A.
Proof. (i) is obvious. For (ii), let U be an open definable subset of Y over A. Then, by Corollary 2.12 and first-order logic compactness theorem,
is a definable subset of X over A and, by Corollary 2.12 and first-order logic compactness theorem, there is an open definable subset
Lemmas 3.2 and 3.3 will be used quite often in the paper without mentioning it. Of course the analogue of this lemma for images under locally definable maps fails: let α : Z −→ X be the inclusion map where Z = {z ∈ N : there is n ∈ N such that −n < z < n}, X = (N, +) and N is an ℵ 1 -saturated model of the theory of the ordered additive group of real numbers.
Lemma 3.4 Let X be a locally definable group over A. If Z is a compatible locally definable subgroup of X over A and X an open definable subset of X over A, then the equivalence relation on X given by x y if and only if xZ = yZ is definable over A.
Proof. Let θ : X × X −→ θ(X × X) be the map given by θ(x, y) = x −1 y. Then, by definition of locally definable groups and saturation, θ is a definable map over A and θ(X × X) is an open definable subset over A. Since Z is a compatible locally definable subgroup of X over A, the set Z = θ(X ×X)∩Z is a definable subset of Z over A. But, for all x ∈ X, we have xZ ∩ X = xZ ∩ X. Thus the equivalence relation on X given by x y if and only if xZ = yZ is definable since x y if and only if there is z ∈ Z such that y = xz. P
The next result is the generalization of [pst2] Lemma 2.15 (i).
Proposition 3.5 Let Z be a locally definable group over A and let W be a compatible locally definable subgroup of Z over A. Then the following are equivalent:
Suppose that dim W = dim Z. We must show that (Z : W) < ℵ 1 , i.e., we must show that there is a locally definable subset {z s :
To start with we have Z = ∪{zW : z ∈ Z}.
Let Z be an open definable subset of Z over A. We must show that Z is covered by finitely many cosets of W all defined over A. By Lemma 3.4, the equivalence relation on Z given by x y if and only if xW = yW is definable over A. But since xW = yW if and only if xW ∩ Z = yW ∩ Z, we see that the equivalence classes of in Z have dimension dim W = dim Z. Therefore, there are finitely many equivalence classes of in Z for otherwise, by [vdd] Chapter IV (1.5), the definable set Z would have dimension greater than dim Z, which is a contradiction. So there are finitely many elements
Let {V j : j ∈ J} be the collection of all open definable subsets of Z over A. Let S = {(j, l) : j ∈ J, l = 1, . . . , r V j } and for s = (j, l) ∈ S, let z s be the element u l obtained as above with Z = V j . Then by Corollary 2.12, Z = ∪{z s W : s ∈ S}. Also {z s : s ∈ S} is a locally definable subset of Z over A since each z s is defined over A and {z s : s ∈ S} is the union of the collection of all finite subsets of {z s : s ∈ S}. P
The following corollary of the proof of Proposition 3.5 will be used quite often.
Corollary 3.6 Let Z be a locally definable group over A and let W be a compatible locally definable subgroup of Z over A. If (Z : W) < ℵ 1 , then there is a locally definable subset {z s :
The following definition is the analogue of [pst2] Definition 2.12.
Definition 3.7 Let Z be a locally definable group over A. We say that a set Z ⊆ Z is connected if there is no definable subset U ⊆ Z over A such that U ∩ Z is a nonempty proper subset of Z which is closed and open in the topology induced on Z by Z.
The next remark can be proved in exactly the same way as [pst2] Lemmas 2.13 and 2.14.
Remark 3.8 Let Z be a locally definable group over A. Then the following hold:
(1) Every definable open subset Z ⊆ Z over A can be partitioned into finitely many connected definable subsets of Z over A.
(2) There is a locally definable subgroup Z of Z over A which is connected and such that dim Z = dim Z.
As pointed out in [pst2] , the connected locally definable subgroups given by Remark 3.8 (2) are not unique. In fact, let N be a non standard model of the theory of the ordered additive group of real numbers, Z = (N 2 , +), Z = {(x, y) ∈ N 2 : there exists n ∈ N such that −n < x < n} and Z = {(x, y) ∈ N 2 : there exists n ∈ N such that −n < y < n}. Then Z and Z are two distinct connected locally definable subgroups of Z over Z.
Nevertheless, we have the following generalization of [pst2] Lemma 2.15 (iii).
Proposition 3.9 Let Z be a locally definable group over A. Then there is a unique connected compatible locally definable normal subgroup Z 0 of Z over A with dimension dim Z. Moreover, the following hold: (i) Z 0 contains all connected locally definable subgroups of Z over A and (ii) Z 0 is the smallest compatible locally definable subgroup of Z over A such that (Z :
Proof. Let {Z k : k ∈ K} be the collection of all open definable subsets of Z over A. By Corollary 2.12 and definition of locally definable groups, we may assume that each Z k contains the identity 1 of Z and Z = ∪{Z k : k ∈ K}. By Remark 3.8 (1), each Z k can be partitioned into finitely many connected components. For each such Z k , let Z 0 k be the connected component of Z k which contains 1.
We claim that
0 is a locally definable subgroup of Z over A which, by construction, is obviously compatible, connected and dim Z 0 = dim Z. By Proposition 3.5, we have (Z : Z 0 ) < ℵ 1 and so, by Corollary 3.6, Z = ∪{z s Z 0 : s ∈ S} (disjoint union) for some locally definable subset {z s : s ∈ S} of Z over A. Thus to show that Z 0 is normal, it is enough to show that for each z s with 
Proof. Note that Z ⊆ Z is connected in the sense of Definition 3.7. Thus, by Proposition 3.9, Z ⊆ Z 0 . Since by Proposition 3.5 (Z : Z) < ℵ 1 , by Proposition 3.9 again, Z 0 ⊆ Z. So we must have Z = Z 0 . P Definition 3.11 Let X be a locally definable group over A. Suppose that Z is a definable subset of X over A. We say that Z is indecomposable if for every locally definable subgroup Y of X over A, the condition
Part of the next result, namely the part about the definable subset Z, is proved in [pps2] Theorem 2.4 for X a definable group. Clearly, the same proof holds if X is a locally definable group. This part of the result, is considered in [pps2] as the o-minimal analogue of the Zilber's indecomposability theorem. Our version here is slightly stronger because of the indecomposability assumption and is more similar to the Zilber's indecomposability theorem.
Proposition 3.12 If X is a locally definable group over A and {Z s : s ∈ S} with |S| < ℵ 1 is a collection of indecomposable definable subsets of X over A containing 1, then the locally definable subgroup Z of X over A generated by {Z s : s ∈ S} is a connected locally definable subgroup of X over A and there are α 1 , . . . , α m ∈ S and 1 , . . . , m ∈ {−1, 1} such that the definable set
Proof. For s ∈ S, let Z s be the locally definable subgroup of X over A generated by Z s . We will show that Z s is connected. In fact, since 
The descending chain condition
We do not have a general descending chain condition (DCC) for locally definable subgroups. However, we have DCC for compatible locally definable subgroups.
Proposition 3.13 Let Z be a locally definable group over A. If {Z s : s ∈ S} is a decreasing sequence of compatible locally definable subgroups of Z over B with A ⊆ B, then ∩{Z s : s ∈ S} = ∩{Z s : s ∈ S 0 } for some S 0 ⊆ S with |S 0 | < ℵ 1 and this intersection is a compatible locally definable subgroup of Z over B.
. . , dim Z} and there are disjoint subsets S 1 , . . . , S m of S such that S = S 1 ∪ · · · ∪ S m and for each l ∈ {0, . . . , m}, if s ∈ S l then dim Z s = k l . Therefore, since we want to determine ∩{Z s : s ∈ S}, we may assume without loss of generality that for all s ∈ S, we have dim Z s = r. It follows from Proposition 3.9, that for all s ∈ S, the connected component of Z s is the same compatible locally definable subgroup V over B.
Since {Z s : s ∈ S} is a decreasing sequence of compatible locally definable subgroups of Z over B, we can totally order S by s ≤ s if and only if Z s ⊆ Z s . Let s 0 be the first element of S (we can assume, without loss of generality that s 0 exists). Then there is a decreasing sequence {U s : s ∈ S} of locally definable subsets of Z s 0 over B containing the identity element such that, for each s ∈ S, |U s | < ℵ 1 and Z s = ∪{uV : u ∈ U s }. For each s ∈ S, the set U s is locally definable subsets of Z s 0 over B by Corollary 3.6. Since ∪{U s : s ∈ S} = U s 0 and |U s 0 | < ℵ 1 , there is S 0 ⊆ S such that |S 0 | < ℵ 1 and {U s : s ∈ S}= {U s : s ∈ S 0 }. Let U = ∩{U s : s ∈ S 0 }. Then U is a nonempty (contains the identity) locally definable subset of Z s 0 over B with |U | < ℵ 1 . The set U is locally definable subsets of Z s 0 over B since its elements are defined over B and U is the union of the collection of all finite subsets of U .
Let W = ∪{uV : u ∈ U }. Then W is a compatible locally definable subgroup of Z over B such that W = ∩{Z s : s ∈ S}. P From Proposition 3.13 we get the following very useful results.
Corollary 3.14 Let Z be a locally definable group over A. If {Z s : s ∈ S} is a collection of compatible locally definable subgroups of Z over B with A ⊆ B, then ∩{Z s : s ∈ S}= ∩{Z s : s ∈ S 0 } for some S 0 ⊆ S with |S 0 | < ℵ 1 and this intersection is a compatible locally definable subgroup of Z over B.
Proof. Let α : κ −→ S be an enumeration of S. We define a decreasing sequence {X β : β < κ} of compatible locally definable subgroups of Z over B inductively as follows:
and for β a limit ordinal we put X β = ∩{X γ : γ < β}∩Z α(β) (by Proposition 3.13, this a compatible locally definable subgroup of Z over B).
To finish the proof of the corollary, note that ∩{X β : β < κ} = ∩{Z s : s ∈ S} and apply Proposition 3.13. P Corollary 3.15 Suppose that Z is a locally definable group over A and S ⊆ Z is a locally definable subset over B with A ⊆ B. Then C Z (S) = {z ∈ Z : for all s ∈ S, zs = sz}, the centraliser of S in Z, is a compatible locally definable subgroup over B. In fact there is S 0 ⊆ S such that |S 0 | < ℵ 1 and C Z (S) = C Z (S 0 ). In particular, the centre Z(Z) = C Z (Z) of Z is a compatible locally definable normal subgroup of Z over A.
Proof. Let W be a definable subset of S over B and let V be an open definable subset of Z over B. Since multiplication restricted to V ∪ W is a definable map over B, the set {z ∈ V : for all w ∈ W, zw = wz} is a definable subset of Z over B. But this set is the same as C Z (W ) ∩ V . Thus C Z (W ) is a compatible locally definable subgroup of Z over B. Hence, by Corollary 3.14, so is C Z (S). P
We end this section with the following result whose proof is very similar to that of its analogue for groups of finite Morley rank. However, we use the topology on locally definable groups to simplify the arguments.
Corollary 3.16 Let X be a connected locally definable group over A. Then following hold: (i) every locally definable subgroup of X over A of dimension zero is contained in Z(X ); (ii) if Z(X ) has dimension zero, then X /Z(X ) is centerless. In particular, if X is nilpotent of positive dimension, then Z(X ) has positive dimension.
Proof. Let Y be a locally definable subgroup of X over A of dimension zero. By Corollary 3.15, C X (Y) is a compatible locally definable subgroup of X over A. Clearly, it is enough to show that dim C X (Y) = dim X . In fact, since X is connected, by Proposition 3.9, we would get C X (Y) = X and so Y ⊆ Z(X ).
But for each y ∈ Y, the map σ y : X −→ Y over A given by σ y (x) = xyx −1
is continuous and its restriction to any definable subset is definable. Since Y has dimension zero, {y} is open in Y and so there is an open definable subset V y of X over A containing 1 such that V y ⊆ (σ y ) −1 (y) = C X (y). Since |Y| < ℵ 1 , by the compactness theorem, there is x ∈ X such that x = 1, dim(x/A) = dim X and x ∈ ∩{V y :
Suppose that dim Z(X ) = 0. Let z ∈ Z 2 (X ). Then the map ad(z) : X −→ Z(X ) given by ad(z)(x) = z −1 x −1 zx is a locally definable homomorphism over A and so its kernel C X (z) is a compatible locally definable subgroup of X over A of dimension dim X . Hence, since X is connected, by Proposition 3.9, we have C X (z) = X and so z ∈ Z(X ). Thus Z 2 (X )⊆ Z(X ) and X /Z(X ) is centerless. P
Locally definable group extensions
The main result of this section is the existence of a locally definable quotient of a locally definable group by a compatible locally definable normal subgroup. These quotients come equipped also with locally definable sections.
Definition 4.1 Let X be a locally definable group over A. We say that (X , i, j) is a locally definable extension of Y by Z over A if we have an exact
in the category of locally definable groups with locally definable homomorphisms over A. If (X , i, j) is a locally definable extension of Y by Z over A and X is abelian, we say that (X , i, j) is a locally definable abelian extension of Y by Z over A. A locally definable section over A is a locally definable map s : Y −→ X over A such that j(s(y)) = y for all y ∈ Y.
Note: Below we will sometimes assume that Z ¢ X and write (X , j) for (X , i, j).
The next result is proved by adapting the corresponding result from [e] for definable groups.
Theorem 4.2 Let X be a locally definable group over A and let Z be a normal compatible locally definable subgroup of X over A. Then we have a locally definable extension 1 → Z → X j → Y → 1 over A of locally definable groups over A with a locally definable section s : Y −→ X over A.
Proof. Let {X i : i ∈ I} be the collection of all open definable subsets of X over A. By Corollary 2.12 we have X = ∪{X i : i ∈ I}. For each i ∈ I, by Lemma 3.4, the equivalence relation on X i given by x y if and only if xZ = yZ is definable over A. Thus, the argument in [e] Theorem 2.5 shows that for each i ∈ I, there is a large definable subset U i of X i over A and there is a definable function l i = (l i,1 , . . . , l i,m ) : U i −→ X i over A such that for each x ∈ U i , there is z ∈ xZ ∩ X i with z = l i (x) and for all y ∈ U i , we have xZ = yZ if and only if l i (x) = l i (y). Here m is such that X ⊆ N m . Clearly, we may replace without loss of generality each U i by its interior in X .
Let U = ∪{U i : i ∈ I}. Then U is a large locally definable subset of X over A. Thus we can use Proposition 2.11 instead of its definable analogue [p1] Lemma 2.4 and the argument in the proof of [e] Theorem 2.5 to show that for each i ∈ I, there is a definable function l i : X i −→ X i over A extending l i : U i −→ X i such that for each x ∈ X i , there is z ∈ xZ ∩ X i with z = l i (x) and for all y ∈ X i , we have xZ = yZ if and only if l i (x) = l i (y).
We now define a locally definable map j : X −→ X over A such that for all u, v ∈ X , we have uZ = vZ if and only if j(u) = j(v). For this, let κ ≤ ℵ 0 be an enumeration of I. Clearly we may assume that, for all α, β ∈ κ, we have α ≤ β if and only if X α ⊆ X β . For x ∈ X 0 , put l 0 (x) = l 0 (x); suppose that l γ has been defined on X γ and β = γ + 1. Then we define l β on X β by l β (x) = l β (x) if xZ ∩ X γ = ∅ or l β (x) = l γ (y) for some (equivalently, for all) y ∈ X γ such that y ∈ xZ. Now take j = ∪{l β : β < κ}.
Clearly, by construction, if u, v ∈ X , then uZ = vZ if and only if j(u) = j(v). We need to show that j is a locally definable map over A. For γ < κ, let θ γ : X γ+1 × X γ −→ θ γ (X γ+1 × X γ ) be the definable map given by θ γ (x, y) = x −1 y. Then, since Z is compatible, Z γ = θ γ (X γ+1 × X γ ) ∩ Z is a definable set over A. Furthermore, for all x ∈ X γ+1 we have xZ ∩ X γ = ∅ if and only if xZ γ ∩ X γ = ∅. Thus, by induction, for all γ < κ, j |Xγ = l γ is definable over A. Hence j is a locally definable map over A.
If Y = j(X ) then, by Remark 2.9, Y is a locally definable group over A with group operation given by xy = j(j −1 (x)j −1 (y)). The locally definable section s : Y −→ X over A is just the inclusion of j(X ) in X . P Corollary 4.3 Suppose that 1 → Z → X l → Y → 1 is a locally definable extension over A. Then there is a locally definable section t : Y −→ X over A.
Proof. Since Z is a normal locally definable subgroup of X over A, we have a locally definable extension 1 → Z → X j → V → 1 over A with a locally definable section s :
Clearly, h is a locally definable map over A which is a bijection. Hence its inverse is also a locally definable map over A. Now define t : Y −→ X by t(y) = s(h −1 (y)) for all y ∈ Y. Then t is a locally definable map over A and l(t(y)) = l(s(h −1 (y))) = h(h −1 (y)) = y for all y ∈ Y. P Observe that in the proof of Theorem 4.2 we never used the fact that Z is normal in X . Hence the following holds.
Corollary 4.4 Let X be a locally definable group over A and let Z be a compatible locally definable subgroup of X over A. Then we have locally definable maps j : X −→ Y and s : Y −→ X over A between locally definable sets over A such that, for all u, v ∈ X , we have j(u) = j(v) if and only if uZ = vZ, and j(s(y)) = y for all y ∈ Y.
With the previous results available, the next definition and the remarks that follow, one can develop group cohomology theory and group extension theory in the category of locally definable groups in exactly the same way as we did in the category of definable groups in [e] Sections 3.2, 3.4 and 3.5. Since these results are purely algebraic, to avoid unnecessary repeatition, we will refer to [e] when needed. 
The results we prove below will be very useful later on. They are about the invariance of notions such as definably compact and connected under locally definable extensions. Proof. Suppose that Y = ∪{y s Y 0 : s ∈ S} (disjoint union) for some locally definable subset {y s : s ∈ S} of Y. Let U = j −1 (Y 0 ). Then U is a locally definable subgroup of X and X = ∪{x s U : s ∈ S} (disjoint union) where for each s ∈ S, we have j(x s ) = y s . So, if Y is not connected, then X is not connected.
By the above, it remains to show that, if Z and Y are connected, then X is connected. Suppose that X = ∪{x s X 0 : s ∈ S} for some locally definable subset {x s : s ∈ S} of X . Since Z is connected, we have Z ⊆ X 0 . But then, Y = ∪{j(x s )j(X 0 ) : s ∈ S} and so Y = j(X 0 ). Hence, for each
We say that a locally definable group X over A is definably compact if for every definable continuous map σ : (a, b) ⊆ [−∞, +∞] −→ X over A the limits lim t→a + σ(t) and lim t→b − σ(t) exist in X .
This definition is similar to its definable analogue in [ps] . The proof of the next result is exactly the same as that of its definable analogue in [e] Lemma 3.14. 
The solvable case
The main result of this section is the classification of solvable locally definable groups up to definably compact, solvable locally definable groups.
We start with the analogue of [ps] Theorem 1.2. For this we just make sure here that it also holds for locally definable groups. The argument is the same but we will require the following lemma.
Lemma 5.1 Let X be a locally definable group over A and let Z be a definable subset of X over A. Then the closure Z of Z in X is a definable subset of X over A.
Proof. By Corollary 2.12 there is an open definable subset U of X over A such that Z ⊆ U and with 1 ∈ U . Let {U s : s ∈ S} be the uniformly definable basis for the τ -open neighbourhoods of 1. We can assume that U s ⊆ U for all s ∈ S. We have that z ∈ Z if and only if for all s ∈ S, there is y ∈ U s such that zy ∈ Z. Thus z ∈ Z if and only if for all s ∈ S, there are y ∈ U s and x ∈ Z such that z = xy −1 . P
In the proof of the next theorem and later on we will make use of the notion of infinitesimals just like in [pps2] and [pst2] . Consider a fixed elementary extension N * of N which is |Th N (N )| + -saturated. For a ∈ N k we let V a denote the intersection of all open definable subsets of (N * ) k defined over N and containing a; we call this the infinitesimal neighbourhood of a. One can verify that for all our purposes the properties of V a are independent of the choice of N * . Similarly, given a locally definable group X over A and a ∈ X , we let V a (X ) denote the intersection of all τ -open definable subsets of X (N * ) defined over N and containing a; we call this the infinitesimal neighbourhood of a in the τ -topology on X . Note that, by Theorem 2.3, this definition of V a (X ) is equivalent to that given in [pst2] .
Theorem 5.2 Let X be a locally definable group over A which is not definably compact. Then X has a torsion-free definable subgroup over A of dimension one.
Proof. By Corollary 2.12 let X = ∪{X i : i ∈ I} where {X i : i ∈ I} is the collection of all open definable subsets of X over A. Let σ : (a, b) ⊆ (−∞, +∞) −→ X be a definable continuous injective map over A such that lim t→b − σ(t) does not exist in X . Let J = σ(a, b) with the order induced from (a, b) by σ. For s ∈ J, let J >s = {x ∈ J : x > s}. Define a relation T ⊆ X × X by (α, β) ∈ T ∩ X i × X j if and only if for every s ∈ J and open definable neighbourhood V of β over A contained in X j , there is t ∈ J and an open definable neighbourhood U of α over A contained in X i such that U · J >t ⊆ V · J >s . This is a compatible locally definable subset of X ×X over A. In fact, for each i, j ∈ I, the set T ∩X i ×X j is a definable set over A. Now define the relation T ⊆ X × X by (α, β) ∈ T if and only if (α, β) ∈ T and (β, α) ∈ T . Clearly T is a compatible locally definable subset of X × X over A.
Let K be the prime model of Th A (N ). Let J ∞ = {x ∈ J(N * ) : x > s for all s ∈ J(K)}. Here N * is a fixed elementary extension of N which is |Th N (N )| + -saturated. Then, just like in [ps] Lemma 3.4, the compactness theorem implies that (α, β) ∈ T if and only if V α (X )·J ∞ = V β (X )·J ∞ where V γ (X ) is the infinitesimal neighborhood of γ in the τ -topology on X . Hence, just like in [ps] Lemma 3.6, it follows that T is an equivalence relation on X and the T -equivalence class of 1 is a compatible locally definable subgroup Y of X over A. By the second paragraph of the proof of [ps] Lemma 3.7, we have Y ⊆ ∩{P s : s ∈ J} ⊆ P s where for s ∈ J, we set P s = {y · x −1 : x, y ∈ J >s }. Since for each s ∈ J, the set P s is a definable subset of X over A, by Lemma 5.1, the closure P s of P s in X is also definable over A. Thus, by saturation, there is X i such that Y ⊆ P s ⊆ X i and, since Y is compatible, it follows that Y is a definable subgroup of X over A. The rest of the argument in the proof of [ps] Lemma 3.7 shows that Y has dimension less than or equal to one. Moreover, [ps] Lemma 3.8 shows that Y has dimension one and [ps] Lemma 3.9 shows that Y is torsion-free. P Below we mention definable solvable groups with no definably compact parts. These were introduced and classified in [e] .
Theorem 5.3 Suppose that U is a connected locally definable solvable group over A. Then U has compatible locally definable normal subgroups V and W over A such that U/V is a definably compact locally definable solvable group over A, V = X × W , W is a definable solvable group with no definably compact parts and X is a connected, definably compact, normal, compatible locally definable subgroup of U over A of maximal dimension.
Proof. This is obtained in exactly the same way as its definable analogue [e] Theorem 5.8. In fact, all the results required in the proof of [e] Theorem 5.8 have an analogue for locally definable groups which are proved in exactly the same way. P Unlike in the definable case where all definably connected, definably compact, definable solvable groups are abelian (see [e] or [pst2])) we have the following example.
Example 5.4 Let N be a non-standard model of the theory of the ordered field of real numbers. Let X = (X , * ) be the locally definable group over Z given by X = {(a, x) : there exists n ∈ N such that −n ≤ a ≤ n and 1 n ≤ x ≤ n} and (a, x) * (b, y) = (a + bx, xy).
It is easy to see that X is in fact a well defined locally definable solvable group over Z which is not abelian. Moreover, X is connected and definably compact.
Definition 5.5 Suppose that U is a connected locally definable solvable group over A and let W be the compatible locally definable normal subgroup of U over A given by Theorem 5.3. Then U/W is a definably compact, connected, locally definable group over A which we shall call the definably compact part of U over A.
We end this section with the following observation which will be used later.
Proposition 5.6 Let X be a connected, locally definable solvable group over A. Then there is a compatible locally definable nilpotent normal subgroup U (X ) of X over A such that X /U (X ) is a connected, locally definable solvable group over A with centre of dimension zero.
Proof. If the centre of X has dimension zero, then take U (X ) = 1. Suppose otherwise and consider the central series 1 ¢ Z 1 (X ) ¢ Z 2 (X ) · · ·. By dimension considerations, there is a minimal n ∈ N such that for all i ≤ n, we have dim Z i (X ) > 0 and dim Z n+1 (X ) = dim Z n (X ). In this case take U (X ) = Z n (X ). Note that, in both cases, by Corollary 4.8, X /U (X ) is connected. P
Locally definable homogeneous spaces
Here we shall present some basic results about locally definable transitive actions of locally definable groups on locally definable sets. These facts will be used in Section 7.
Definition 6.1 An action α : X × S −→ S of a locally definable group X over A on a locally definable set S over A is called a locally definable action over A if α is a locally definable map over A.
Example 6.2 Let X be a locally definable group over A and let Z be a compatible locally definable subgroup of X over A. Then Corollary 4.4 shows that the canonical action X × X /Z −→ X /Z given by multiplication on the left is a locally definable action over A.
As in the proof of Corollary 3.15 we get the following remark.
Remark 6.3 Let α : X × S −→ S be a locally definable action over A. If S 0 ⊆ S is a locally definable subset over A, then Fix S 0 (X ) = {x ∈ X : α(x, s) = s for all s ∈ S 0 } is a compatible locally definable subgroup of X over A.
The proof of the next result is obtained by adapting that of [pst2] Proposition 2.2.
Theorem 6.4 Let α : X × S −→ S be a transitive locally definable action over A where S ⊆ N k . Fix s 0 ∈ S. Then there is a uniformly definable family {U c : c ∈ C} of definable subsets of S defined over A and containing s 0 and there is a unique topology σ on S such that: (i) {U c : c ∈ C} is a basis for the σ-open neighbourhoods of s 0 ; (ii) α is a topological action and (iii) every generic element of S has an open definable neighbourhood U ⊆ N k such that U ∩S is σ-open and the topology which U ∩S inherits from σ agrees with the topology it inherits from N k .
Proof. The uniqueness of σ is clear since a basis of neighborhoods for generic points is determined in advance.
Write S = ∪{S j : j ∈ J} and fix S j of maximal dimension and a generic s ∈ S j over A. Fix also a uniformly definable basis {W c : c ∈ C} for the open definable neighborhoods of s in the standard topology on
is a definable family of subsets of S containing s 0 . We take as a basis of open sets in S the collection {α(x −1 , U c ) : c ∈ C, x ∈ X } and call this topology σ. By maximality of dim S j and genericity of s, we have V s ∩ S j = V s ∩ S i for every i ∈ J such that s ∈ S i . Here, for r ∈ S, V r is the infinitesimal neighborhood of r in N k . Thus, V s ∩ S j is independent of the choice of S j and equals V s ∩ S. As in [pst2] Claim 2.3, we see that for every generic r in S, we have α(x
where for x ∈ X , we denote by V x (X ) the infinitesimal neighborhood of x in the τ -topology on X . Therefore, given a generic r in S, its basis of neighborhoods in the σ-topology is also a basis of neighborhoods in the topology which N k induces on S.
For r ∈ S, write V r (S) for α(x
Arguing as in the proof of [pst2] Claim 2.4, we get that for every r ∈ S, α(x
. This can be used to show just like in [pst2] Claim 2.5 the following:
These claims imply that α is continuous as required. Proof. This is proved as Corollary 2.5 but using Theorem 6.4 instead of Theorem 2.3. P
As the reader can easily verify, all the results of Subsection 2.2 have an analogue for locally definable sets over A on which there is a transitive locally definable action over A by a locally definable group over A. We call such locally definable sets locally definable homogeneous spaces over A.
Let S be a locally definable homogeneous space over A. We define the notion of compatible locally definable subsets of S over A just like in Definition 3.1. Similarly we define the notion of connected subsets of S just like in Definition 3.7. As the reader can easily verify, we have an analogue of Remark 3.8 and, arguing as in the proof of Proposition 3.9, we see that given s ∈ S there is a unique connected compatible locally definable subset of S over A containing s and of dimension dim S.
The centerless case
The goal here is the classification of connected, locally definable groups with no non trivial locally definable abelian normal subgroups.
Lie algebras of locally definable groups
In this subsection, we will assume that N is an o-minimal expansion of a real closed field. The goal here is to develop Lie theory for locally definable groups. After introducing the main notions, the proofs are the same as those for the definable case treated in [pps1] Sections 2.3 and 2.4. Hence, we single out only the main results and refer constantly to [pps1] for details.
Given locally definable homogeneous spaces S and E over A and a locally definable map h : S −→ E over A we can use Corollary 6.5 to define notions from differential calculus just like in [pps1] 1.1.2. In particular, for s ∈ S we have the tangent vector space T s (S) of S at s and the differential map
when h is differentiable at s. Note that T s (S) and T h(s) (E) are finite dimensional vector spaces over the underlying real closed field of N and d s (h) is a linear map. Below we will use freely these notions and refer the reader to [pps1] for details.
Theorem 7.1 Let α : X × S −→ S be a transitive locally definable action over A. Then α is a locally definable C p -map.
Proof. Clearly if (g, s)
is a generic point of X × S (over A), then α is a locally definable C p -map at (g, s). Thus, if we choose g generic in X over A, x and s, by the analogue of [pps1] Claim 2.9, α(g, s) is generic in S over A. Hence, (xg −1 , α(g, s)) is generic in X × S and α is a locally definable C p -map at (x, s) since α(x, s) = α(xg −1 , α(g, s)). P Corollary 7.2 Let Z be a locally definable group over A and p ∈ N. Then the group operations on Z are locally definable C p -maps. Furthermore, if α : Z −→ X is a locally definable homomorphism over A between locally definable groups over A, then α is a locally definable C p -homomorphism.
Proof. The first part of the corollary follows from Theorem 7.1. On the other hand, if g is a generic point of Z (over A), then α is a locally definable C p -map at g. Thus, if we choose g generic in Z over A and z, it follows that (zg, g −1 ) is generic in Z × Z and α is a locally definable C p -map at z because α(z) = α(zg)α(g −1 ). P Lemma 7.3 Let Z be a locally definable group over A and p ∈ N. If W is a compatible locally definable subgroup of Z over A, then the inclusion i : W −→ Z is locally definable C p -immersion.
Proof. Consider the locally definable C p -action α : W × Z −→ Z given by multiplication on the left. Then, taking into account Remark 6.3, we see that the analogue of [pps1] Corollary 2.16 holds. Therefore, as in [pps1] Lemma 2.17 we see that the inclusion homomorphism i :
The following observation will be used below.
Remark 7.4 Let f : X −→ Y be a locally definable differentiable map over A between locally definable homogeneous spaces over A. If X is connected and d x (f ) = 0 for every x ∈ X , then f is a constant map. In fact, on each open definable subset U of X over A, f takes only finitely many values, each on an open and closed definable subset of U over A. But X is connected. So f is constant on X .
Note that, by Lemma 7.3, if W is a locally definable subgroup of Z over A, then the tangent space T 1 (W) of W at 1 can be identified with a subspace of the tangent space T 1 (Z) of Z at 1 and T 1 (W) = T 1 (W 0 ). Moreover, if dim W = dim Z, then T 1 (W) = T 1 (Z). As we mentioned before, these tangent spaces are finite dimensional vector spaces over the underlying real closed field of N .
Proposition 7.5 Let Z and X be locally definable groups over A, f : Z −→ X a locally definable homomorphism over A and g : X −→ X a locally definable automorphism over A. Let U and V be compatible locally definable subgroups of X over A. Then the following holds:
is an automorphism of the vector space T 1 (X ).
Proof. For this, we need the locally definable version of [pps1] Theorem 2.19 (with definable subgroups replaced by compatible locally definable subgroups). To get this, we argue as in [pps1] P Definition 7.6 Let X be a locally definable group over A. For x ∈ X , let a(x) : X −→ X be the inner automorphism a(x)(z) = x −1 zx. Let Ad(x) = d 1 (a(x)). By Proposition 7.5 (iii), Ad(x) ∈ Aut(T 1 (X )) and hence Ad : X −→ Aut(T 1 (X )) is a locally definable homomorphism over A.
Let ad = d 1 (Ad). Then we have ad : T 1 (X ) −→ End(T 1 (X )) and on the tangent space T 1 (X ) we can define a binary operation [ , ] as [ζ, χ] = ad(ζ)(χ). As in [pps1] Claim 2.27, (T 1 (X ), [ , ] ) is a Lie algebra called the Lie algebra of X .
With Proposition 7.5 available for locally definable groups, we easily get the locally definable version of [pps1] Theorem 2.24. Hence, with the above definition of the Lie algebra of a locally definable group, we immediately get the locally definable analogues of all the results of [pps1] Section 2.4. To avoid unnecessary repeation, we shall not write them down here and we will refer to [pps1] when needed. Finally, an open rectangular box I 1 × · · · × I n is unidimensional if all intervals I i are transitive and pairwise nonorthogonal.
The centerless case
By exactly the same argument as in [pps1] Theorem 7.9 Let X be a locally definable group over A which is connected and centerless. Then X is the direct product of compatible unidimensional locally definable subgroups over A.
Proof. Using Remark 7.7, the proof of this result is exactly the same as that of its definable analogue [pps1] Theorem 3.1. In this proof one only uses basic facts about the notion of orthogonality, DCC and the fact that X is centerless and connected. P
The proof of the next theorem is a modification of the corresponding result [pps1] Theorem 3.2 for definable groups. We explain how the argument goes.
Theorem 7.10 Let X be a unidimensional locally definable group over A which is connected and centerless. Then there is a definable real closed field R over A and a locally definable linear group H < GL(n, R) over A such that X is locally definably isomorphic to H over A.
Proof. By Remark 7.7, there is an open transitive interval U such that e = (d, . . . , d) for some d ∈ U , where e = φ s (1), 1 is the identity of X and 1 ∈ U s . Moreover, if B = U n where n = dim X then φ
is an open definable neighbourhood of 1 over A. Let ρ : U −→ B be the continuous injection defined as
Hence by DCC, there is subset {b s : s ∈ S} of U + with |S| < ℵ 1 and such that
By saturation, there is
Thus, Y is a compatible locally definable subgroup of X over a set of cardinality less than ℵ 1 . Since X is centerless and connected, dim Y < dim X (otherwise, by Propositions 3.5 and 3.9, Y = X and U b ⊆ Z(X )). Hence, B cannot be covered by finitely many left cosets of Y , and arguing as in [pps1] 3.2.1, there is a definable real closed field R over N on some open subinterval of U . But then, there is one such definable real closed field on some open subinterval of U defined over A.
Let V be a definable subset of U s over A such that φ s (V ) ⊆ R n . As in [pps1] Claim 3.12, there is an open definable subset V 0 of V over A containing 1 such that, group multiplication and inversion are C 1 -maps (with respect to R) from V 0 × V 0 and V 0 , respectively, into V . Furthermore, just like in [pps1] Claim 3.13, for every locally definable endomorphism h of X over A, there is a definable open subset D of V over A containing 1 such that h(D) ⊆ V and h is C 1 on D with respect to R. Like in [pps1] Subsection 1.1.2, we can define the tangent space of X at 1, denoted T 1 (X ).
For each x ∈ X , consider the locally definable automorphism a(x) : X −→ X over A given by a(x)(z) = xzx −1 . Let Ad = d 1 (a(x)). Then, after fixing a basis for T 1 (X ), the map Ad : X −→ GL(n, R) is a locally definable homomorphism over A. Since X is connected and centerless, by the analogue of [pps1] Claim 3.14, Ad(x) is a locally definable injective homomorphism over A. Note that, since X is connected, two locally definable automorphisms of X over A are equal if and only if they coincide on a definable open neighbourhood of 1 over A. Hence, [opp] Proof. By Theorems 7.9 and 7.10, Y is a direct product of locally definable subgroups Y 1 , . . . , Y k over A such that for each i ∈ {1, . . . , k}, there is a definable real closed field R i over A and a locally definable subgroup Z i < GL(n i , R i ) over A locally definably isomorphic to Y i over A. By DCC, let G i = d(Z i ) be the smallest definable subgroup of GL(n i , R i ) over A containing Z i . By [e] Lemma 6.7, G i is solvable. P 7.3 The locally definably semi-simple case Definition 7.12 We say that a locally definable group X over A is locally definably semi-simple if X has no compatible locally definable normal abelian subgroups over A of dimension bigger than zero. We will say that a locally definable group X over A is locally definably simple if X has no compatible locally definable normal subgroups over A.
Note that a locally definably semi-simple locally definable group has centre of dimension zero. The following fact is the analogue of [pps1] Theorem 2.34. The proof is the same.
Theorem 7.13 Suppose that N is an expansion of a real closed field and let X be a connected locally definable group over A. Then X is locally definably semi-simple if and only if its Lie algebra x is semi-simple.
The next result is the analogue of [pps1] Theorem 2.36. Again, the proof is similar.
Theorem 7.14 Suppose that N is an expansion of a real closed field and let X be a connected, centerless locally definable group over A. Then X is locally definably simple if and only if its Lie algebra x is simple.
Using Theorems 7.13, 7.14 and some Lie algebra theory like in [pps1] Theorem 2.38, we get the next result.
Theorem 7.15 Suppose that N is an expansion of real closed field. If X is a connected, centerless, locally definably semi-simple locally definable group over A, then X is the direct product of locally definably simple, compatible locally definable subgroups over A.
We are now ready to prove our main result on locally definably semisimple locally definable groups.
Theorem 7.16 Suppose that X is a connected, locally definable group over A with no non trivial locally definable abelian normal subgroups over A. Then X is a direct product of compatible locally definable groups X 1 , . . . , X k over A and there are definable real closed fields R 1 , . . . , R k over A such that, for each i ∈ {1, . . . , k}, the following holds: (i) there is an R i -semialgebraic subgroup G i of GL(n i , R i ) which is G i -definably simple with definably connected component G 0 i definably simple and such that X i is locally definably isomorphic to a locally definable open and closed subgroup of G i ; (ii) X i is locally definably simple.
Proof. By Theorems 7.9 and 7.10, X is a direct product of locally definable subgroups X 1 , . . . , X m over A such that for each i ∈ {1, . . . , m} there is a definable real closed field R i over A and locally definable subgroups Y i < GL(n i , R i ) over A locally definably isomorphic to X i over A. Clearly, each X i (and hence each Y i ) is connected. Similarly, each X i (resp., Y i ) has no non trivial locally definable abelian normal subgroups over A. Clearly, it is now sufficient to prove the theorem for each Y i . So let Y ∈ {Y 1 , . . . , Y m } and let R be the corresponding definable real closed field. Clearly, we may assume that N is an expansion of the real closed field R.
Since Y is locally definably semi-simple and centerless, by Theorem 7.13, the Lie algebra y of Y is semi-simple. By Theorem 7.10, Ad : Y −→ Z < GL(n, R) where n = dim Y, is a locally definable isomorphism over A. Let G = Aut(y). Clearly, G is a definable group. Moreover, by the analogue of [pps1] Claim 2.29, Z is a locally definable subgroup of G. As Y is connected, so is Z. Similarly, Z is locally definably semi-simple and centerless. Since y is semi-simple, dim G = dim y = dim Y = dim Z. So Z is an open and closed locally definable subgroup of G over A. Hence, the Lie algebra of G is the same as that of Z which is the same as that of Y. So by [pps1] Theorem 2.34, G is a definably semi-simple definable group and by [pps1] Claim 1.3, G 0 and G are R-semialgebraic groups. Suppose that Z is not locally definably simple. Then by Theorem 7.15, Z is a direct product of locally definably simple compatible locally definable subgroups over A. Hence, an induction on dim Z, Theorem 7.14 and the argument in the last paragraph ends the proof of the theorem. P Corollary 7.17 Let X be a locally definably simple locally definable group over A. Then there is a definable real closed field R over A and an Rsemialgebraic linear group G which is G-definably simple and such that X is locally definably isomorphic over A to an open and closed locally definable subgroup of G over A.
Some corollaries
Here we will include several corollaries of our previous results. All of these have an analogue in the definable case.
Corollary 8.1 Let U be a locally definable group over A and let T = {T (x) :
x ∈ X} be a definable family of non empty definable subsets of U over A.
Then there is a definable function t : X −→ U over A such that for all x, y ∈ X we have t(x) ∈ T (x) and if T (x) = T (y) then t(x) = t(y) (i.e., t is a strong definable choice for T ).
Proof. Let D = ∪{T (x) : x ∈ X}. Then D is a definable subset of U over A. Suppose that U is definably compact. By Lemma 5.1, the closure D of D in U is a closed definable subset of U, hence D is definably compact. Let T = {T (x) : x ∈ X}, where T (x) is the closure of T (x) in U. Then T is a definable family of non empty definably compact definable subsets of D over A. By [e] Lemma 7.1, there is a strong definable choice l : X −→ D over A for the definable family {T (x) : x ∈ X}. Let O be the definable neighbourhood of 1 in U over A which has strong definable choice given by the analogue of [e] Lemma 2.3. And consider the definable family S = {S(x) : x ∈ X} of non empty definable subsets of O over A where S(x) = {z ∈ O : l(x)z ∈ l(x)O ∩ T (x)}. Note that, if T (x) = T (y) then S(x) = S(y). Let s be a strong definable choice for S over A. Then clearly, t : X −→ U given by t(x) = l(x) · s(x) is a strong definable choice for {T (x) : x ∈ X} over A.
We now verify the result for U a locally definable solvable group over A. By Theorems 4.2 and 5.3 we have a locally definable extension 1 → V→U l → U/V → 1 over A with a locally definable section s : U/V −→ U over A with V = X × W , W a definable solvable group, X and U/V definably compact locally definable solvable groups over A. By the analogue of [e] Proposition 3.23, U is locally definably isomorphic over A with a locally definable group over A with domain V × U/V. Since W is definable, the result holds for W by [e] Theorem 7.2. By the last paragraph, the result holds for X and U/V. Therefore, by [e] Fact 2.2 (iii), the result holds for U.
Finally, let U be an arbitrary locally definable group over A. Let Z be a connected, compatible, locally definable normal solvable subgroup of U over A of maximal dimension. Then by Corollary 4.8 and Remark 4.6, U/Z has no non trivial connected, compatible locally definable normal solvable subgroup over A. In particular, U/Z locally definably semi-simple.
By what we have proved in the last paragraph, Z has strong definable choice. Also, by Theorem 7.16, [e] Remark 2.4 and [e] Fact 2.2 (iii), the result holds for U/Z. By Theorem 4.2, we have a locally definable extension 1 → Z→U l → U/Z → 1 over A with a locally definable section s : U/Z −→ U over A. By analogue of [e] Proposition 3.23, U is locally definably isomorphic over A with a locally definable group over A with domain Z × U/Z. So by [e] Fact 2.2 (iii) again the result holds for U. P
We are now ready to prove the analogue of property (AB) for definable groups (i.e., [p1] Corollary 2.15 (see also [p2] Proposition 5.6)).
Corollary 8.2 Let X be a locally definable group over A of positive dimension. Then X has a compatible locally definable abelian subgroup over A of positive dimension.
Proof. Clearly we may assume that X has no proper compatible locally definable subgroups over A of positive dimension. In fact, if W is a proper compatible locally definable subgroup of X over A of positive dimension with a compatible locally definable abelian subgroup Z over A of positive dimension, then by Lemma 3.2 (iii), Z is a compatible locally definable abelian subgroup of X over A of positive dimension.
By assumption on X , the centre Z(X ) has dimension zero. Let Y = X /Z(X ). Then Y is a locally definable group over A of positive dimension and by Corollary 3.16, Y is centerless. Furthermore, Y also has no proper compatible locally definable subgroups over A of positive dimension. In particular, Y is locally definably simple.
By Corollary 7.17, Y is locally definably isomorphic over A to an open and closed locally definable subgroup U over A of a definable group G over A. By [p1] Corollary 2.15, G has a definable abelian subgroup H over A of positive dimension. Then U ∩ H is a locally definable abelian subgroup of U over A of positive dimension (since U is open in G). So Y has a locally definable abelian subgroup V over A of positive dimension. But by DCC, Z(C Y (V)) is a compatible locally definable abelian subgroup of Y over A containing V. So Y = Z(C Y (V)) and Y is abelian and centerless, which is a contradiction. P Corollary 8.3 Suppose that U is a connected, locally definable group over A of dimension one. Then U is abelian, and either U is torsion-free and locally definably totally ordered or U is a definably compact definable group.
Proof. By (AB) U is abelian. Suppose that U is definable. Then by Theorem 5.3, U is either torsion-free and definably ordered or U is definably compact. So we may assume that U is not definable and is definably compact.
Suppose that U = {U i : i ∈ I} and {U i : i ∈ I} is the collection of all open definable subsets of U over A. Then, for every finite subset J of I, the set ∪{U i : i ∈ J} can be definably totally ordered. So U is locally definably totally ordered as a set and U \ {0} has two connected components U − and U + . The argument in the proof of [r] Proposition 3, shows that U is torsionfree. P Corollary 8.4 Let X be a connected, locally definable group over A. If X is not nilpotent, then a real closed field is definable in N .
Proof. If X is not solvable, let Z be a connected, compatible, locally definable normal solvable subgroup of Z over A of maximal dimension. Then by Corollary 4.8 and Remark 4.6, X /Z is connected and has no non trivial connected, compatible locally definable normal solvable subgroup over A. In particular, X /Z is a connected locally definably semi-simple, locally definable group over A and hence, the result follows from Theorem 7.16. On the other hand, if X is solvable but not nilpotent, then by Proposition 5.6, Y = X /U (X ) is a connected locally definable solvable group over A with centre of dimension zero. Therefore, by Corollary 3.16, Y/Z(Y) is a connected, centerless, locally definable solvable group over A. Thus, in this case the result follows from Corollary 7.11. P
The definable analogue of Corollary 8.4 is much stronger. It says that if G = (G, ·) is a definable group which is not abelian by finite, then a real closed field is definable in the structure (N, <, G, ·) (see [e] or [pst2] ). In fact, by [pst2] , a field is interpretable in the structure (G, ·).
